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Abstract
Different proposals for regular rotating black hole spacetimes have appeared recently in the
literature. However, a rigorous analysis and proof of the regularity of this kind of spacetimes
is still lacking. In this note we analyze rotating Kerr-like black hole spacetimes and find the
necessary and sufficient conditions for the regularity of all their second order scalar invariants
polynomial in the Riemann tensor. We also show that the regularity is linked to a violation
of the weak energy conditions around the core of the rotating black hole.
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1. Introduction
Most astrophysically significant bodies are rotating. If a rotating body collapses, the rate
of rotation will speed up, maintaining constant angular momentum. If the body finally
generates a black hole it will be a rotating black hole. From a classical point of view (no-
hair conjecture) the resulting spacetime will be described by a Kerr or a Kerr-Newman
solution (in the charged case) [see, for instance, [1]]. This implies the existence of certain
horizons, a specific causal structure and a singular ring.
Several authors have suggested that the existence of singularities in the classical solutions
has to be considered as a weakness of the theory rather than as a real physical prediction.
Some authors have tried to solve this by introducing non-standard energy-momentum tensors
mainly acting in the core of the black hole (see, for example, [2][3][4][5]). However, most
authors expect that the inclusion of quantum theory in the description of black holes could
avoid the existence of their singularities (see, for example, [6][7][8][9][10][11][12] and references
therein).
In this way, recently there have appeared different proposals for regular rotating black
holes spacetimes (see, for instance, [13][14][15][16][17][18][19]). In order to check the kindness
of these proposals one should check for the absence of scalar curvature singularities. We say
that there is a scalar curvature singularity in the spacetime if any scalar invariant polynomial
in the Riemann tensor diverges when approaching it along any incomplete curve. In the
literature one finds that the authors use to check one, two or even three standard invariants1
along one or two directions approaching the possible singularity. Indeed, this is a necessary
condition that a regular black hole should satisfy. However, this is not a sufficient condition
to guarantee the absence of scalar curvature singularities. It is well-known [20] that an
arbitrary spacetime possesses at most 14 second order algebraically independent invariants.
The finiteness of all the invariants is a necessary and sufficient condition for the absence of
scalar curvature singularities.
Our aim in this note is to rigourously prove the conditions for the absence of scalar
curvature singularities in rotating Kerr-like black hole spacetimes. This will require the
study of some of their properties, what will provide us with a complete set of algebraically
independent curvature scalars for these spacetimes. Then, we will try to provide a necessary
and sufficient condition for the absence of scalar curvature singularities when the metric is
written in the usual Boyer-Lindquist-like coordinates. Finally, since most of the conditions
of the standard singularity theorems can be satisfied by regular rotating black holes (usually,
1Unfortunately, when this is the case, it is not unusual that the authors check invariants that are alge-
braically dependent, so that the extra-check is redundant.
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the causality conditions and the boundary/initial conditions), it seems appropriate to look for
the non-fulfillment of energy conditions as the culprit for the absence of singularities. With
this goal, we will analyze the violation of the weak energy conditions in these spacetimes.
The note has been divided as follows. In section 2 we will define the general class of
stationary rotating black hole spacetimes that will be the subject of the work and we will
analyze some of their properties. In section 3 we will find the algebraically independent
second order invariants of the spacetime and, by using them, we will introduce a necessary
and sufficient condition for the absence of scalar curvature singularities. In section 4 we will
analyze the relationship between the absence of singularities and the violations of the weak
energy conditions in the core of rotating black holes. Finally, the conclusions are collected
in section 5.
2. Kerr-like rotating black hole spacetimes
Different metrics corresponding to stationary rotating black holes (RBH) have been proposed.
While they have been obtained by different approaches, most of them share a common Kerr-
like form (see, for instance, [13][14][15][16][17][18][19]). The general metric corresponding to
this kind of RBH takes the form, in Boyer-Lidquist-like coordinates,
ds2 = −∆r
Σ
(dt− a sin2 θdφ)2 + Σ
∆r
dr2 + Σdθ2 +
sin2 θ
Σ
(adt− (r2 + a2)dφ)2, (2.1)
where
Σ = r2 + a2 cos2 θ, ∆r = r
2 − 2M(r)r + a2,
M(r) is assumed to be a C3 function and a ( 6= 0) is a constant (which is interpreted as
a rotation parameter by using the same arguments as for the Kerr solution). Note that
this metric reduces to the Kerr solution if M(r) = m=constant and that it reduces to the
(charged) Kerr-Newman solution ifM(r) = m− e2/(2r).
Different articles dealing with regular rotating black holes propose different forms for the
function M(r). Its exact expression depends on the procedure used to obtain the RBH.
In many cases the authors just propose heuristic forms for M in order to try to avoid the
existence of singularities (for instance, [14][15][19]), in other cases a physical approach pro-
vides a specificM(r). Among these physical approaches there are two main paths toM(r).
For some authors (for instance, [16][17][18]) M(r) = G0m(r), where we have now made
explicit Newton’s gravitational constant G0 and m(r) is a mass-energy function
2 provided
2Mass-energy and not just the mass, as the Kerr-Newman case exemplifies.
2
by the specific approach. For others (see, for instance, [13])M(r) = G(r)m, where m is the
(constant) black hole mass and G(r) is a running Newton constant (i.e., Newton’s constant
is replaced by an appropriate scale dependent function).
In order to analyze the general properties of the RBH spacetime it will be convenient to
describe the spacetime in a Newman-Penrose formalism. For this goal we first provide the
following null tetrad-frame:
l =
1
∆r
(
(r2 + a2)
∂
∂t
+∆r
∂
∂r
+ a
∂
∂φ
)
,
k =
1
2ρ2
(
(r2 + a2)
∂
∂t
−∆r ∂
∂r
+ a
∂
∂φ
)
,
m =
1√
2̺
(
ia sin θ
∂
∂t
+
∂
∂θ
+ i csc θ
∂
∂φ
)
,
m¯ =
1√
2¯̺
(
−ia sin θ ∂
∂t
+
∂
∂θ
− i csc θ ∂
∂φ
)
,
where ̺ ≡ r + ia cos θ, ¯̺ ≡ r − ia cos θ and the tetrad is normalized as follows l2 = k2 =
m2 = m¯2 = 0 and l · k = −1 = −m · m¯.
Proposition 1 The RBH metric (2.1) is Petrov type D and the two double principal null
directions are l and k.
In order to show this, we define in the usual way the five complex scalar fuctions deter-
mining the Weyl tensor (Cκλµν):
Ψ0 = Cκλµνl
κmλlµmν ,
Ψ1 = Cκλµνl
κkλlµmν ,
Ψ2 = Cκλµνl
κmλm¯µkν ,
Ψ3 = Cκλµνk
κlλkµm¯ν ,
Ψ4 = Cκλµνk
κm¯λkµm¯ν .
Now it its easy to check that we have the following relations for the RBH metric (2.1)
Ψ2 = −6̺M− 2(r + ̺)¯̺M
′ + r ¯̺2M′′
6̺ ¯̺3
. (2.2)
and (checking the two double principal null directions)
Ψ0 = Ψ1 = 0, (Ψ2 6= 0)⇔ Cαβγ[δkµ]kβkγ = 0,
Ψ4 = Ψ3 = 0, (Ψ2 6= 0)⇔ Cαβγ[δlµ]lβlγ = 0.
The relations show that proposition 1 is indeed satisfied [21]. 
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Proposition 2 The metric (2.1) with M 6=constant is Segre type [(1,1) (1 1)].
Note that the M 6=constant case is precisely the case we are interested in, since the
M =constant (i.e., Kerr’s case) is known to be singular.
Now, the ten independent components of the Ricci tensor can be determined by the
curvature scalar R, the scalars
Φ00 =
1
2
Rµν l
µlν , Φ22 =
1
2
Rµνk
µkν
Φ01 =
1
2
Rµν l
µmν , Φ12 =
1
2
Rµνk
µmν
Φ02 =
1
2
Rµνm
µmν , Φ11 =
1
4
Rµν(k
µlν +mµm¯ν),
and the relationship Φ¯AB = ΦBA.
In our case it is easy to check that Φ00 = Φ12 = Φ01 = Φ22 = Φ02 = 0 and
Φ11 =
2(r2 − a2 cos2 θ)M′ − rΣM′′
4Σ2
. (2.3)
This already shows the proposition [21][22]. Nevertheless, let us explicit for later use that we
can define a real orthonormal basis {t,x,y, z} formed by a timelike vector t ≡ (l + k)/√2
and three spacelike vectors: z ≡ (l − k)/√2, x = (m + m¯)/√2 and y = (m − m¯)i/√2.
Then, t and z are two eigenvectors of the Ricci tensor with eigenvalue
λ1 =
2a2 cos2 θM′ + rΣM′′
Σ2
. (2.4)
x and y are two eigenvectors of the Ricci tensor with eigenvalue
λ2 =
2r2M′
Σ2
(2.5)
and the two different eigenvalues are related to Φ11 through
Φ11 = −1
4
(λ1 − λ2).
In this way, the Ricci tensor can be written as
Rµν = λ1 (−tµtν + zµzν) + λ2(xµxν + yµyν).  (2.6)
With regard to the question of the regularity of the spacetime, one immediately sees that
the metric (2.1) is singular if there are values of r such that ∆r = 0 and if Σ = 0. On the
one hand, ∆r = 0 is not a curvature singularity since, as we will see, the curvature scalars do
not diverge for the values r ( 6= 0) where ∆r = 0. Nevertheless, the coordinate r changes its
4
character from spacelike when ∆r > 0 to timelike when ∆r < 0. Therefore, the boundaries
∆r = 0 between these regions are simply horizons.
On the other hand, curvature singularities do may appear if Σ = 0 or, in other words,
in (r = 0, θ = π/2).This is confirmed by the scalars that we have been computing so far
[(2.2),(2.3),(2.4),(2.5)]. Note that, in case there were a singularity at (r = 0, θ = π/2), it
would be, as in the Kerr case, a ring singularity. Therefore, independently of whether the
spacetime is singular or not, r = 0 can be crossed (through θ 6= π/2) and we can analytically
extend the metric beyond r = 0 by just considering negative values for the coordinate r.
3. Avoiding scalar curvature singularities
As stated in the introduction, an arbitrary spacetime possesses at most 14 second order
algebraically independent invariants. From a historical point of view, many authors have
proposed different sets of invariants as algebraically independent. In most cases it has been
later shown that this was not the case. Fortunately, a minimum set of reliable independent
invariants for the RBH spacetime exists. This can be shown thanks to the following result
by Zakhary and McIntosh [23]
Proposition 3 The algebraically complete set of second order invariants for a Petrov type
D spacetime and Segre type [(1,1) (1 1)] is {R, I, I6, K}. 
Apart form the already defined curvature scalar R, the rest of the invariants are defined as3
I6 ≡ 1
12
Sα
βSβ
α,
I ≡ 1
24
C¯αβγδC¯
αβγδ,
K ≡ 1
4
C¯αγδβS
γδSαβ,
where Sα
β ≡ Rαβ − δαβR/4 and C¯αβγδ ≡ (Cαβγδ + i ∗ Cαβγδ)/2 is the complex conjugate
of the selfdual Weyl tensor being ∗Cαβγδ ≡ ǫαβµνCµνγδ/2 the dual of the Weyl tensor. Note
that R and I6 are real, while I and K are complex. Therefore for this type of spacetimes
there are only 6 independent real scalars.
It trivially follows from our previous propositions
Corollary 1 The algebraically complete set of second order invariants for the RBH metric
(2.1) is {R, I, I6, K}.
3Here the invariants are written in tensorial form. See [23] for their spinorial form.
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Now we can use this result to get a necessary and sufficient condition for the absence of
scalar curvature singularities:
Theorem 1 Assuming a RBH metric (2.1) possessing a C3 function M(r), all its second
order curvature invariants will be finite at (r = 0, θ = π/2) if, and only if,
M(0) =M′(0) =M′′(0) = 0. (3.1)
First, note that, even if there is a singularity at (r = 0, θ = π/2), we can define M, M′
and M′′ at r = 0 since (r = 0, θ 6= π/2) belongs to the spacetime. The theorem can be
shown by just analyzing the set of scalars for the particular case. In this way, by computing
the curvature scalar for a RBH one finds
R = 2(2M
′ + rM′′)
Σ
.
For this to be finite along a path approaching (r = 0, θ = π/2) it is necessary thatM′(0) =
M′′(0) = 0. Let us now define the dimensionless quantity ξ ≡ a cos θ/r and ξ∗ its value in
the limit along a chosen path approaching r = 0. Now, assuming that the found necessary
conditions are satisfied, we find
R → 4M
′′′(0)
1 + ξ∗2
if ξ∗ finite and
R → 0 if ξ∗ infinite.
As can be seen, R would be finite along any path.
On the other hand, ifM′(0) =M′′(0) = 0 is satisfied then
I6 → {M
′′′(0)}2ξ∗4
3(1 + ξ∗2)4
if ξ∗ finite and
I6 → 0 if ξ∗ infinite,
what again is finite along any path.
The complex scalar I takes the form
I =
[6̺M− 2(r + ̺)¯̺M′ + r ¯̺2M′′]2
36¯̺6̺2
.
This adds the extra necessary condition for regularity M(0) = 0. Using all the necessary
conditions we find
I → {M
′′′(0)}2ξ∗4
9(1− iξ∗)4(1 + ξ∗2)2 if ξ
∗ finite and
I → 0 if ξ∗ infinite.
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So that I is finite along any path reaching r = 0.
Finally, if M(0) =M′(0) =M′′(0) = 0 is satisfied then we get
K → 2{M
′′′(0)}3ξ∗6
3(1− iξ∗)2(1 + ξ∗2)5 if ξ
∗ finite and
K → 0 if ξ∗ infinite,
what is finite along any path reaching r = 0. 
It is straightforward to show that the proposals for regular rotating black holes appearing
in [13][14][15][16][17][18][19] do satisfy the conditions in theorem 1. In this way, now it can
be rigourously stated that all their scalar invariants polynomial in the Riemann tensor are
finite and that they do not possess scalar curvature singularities.
4. Violations of the WEC in the core
While in some cases a regular rotating black hole can be a solution of Einstein’s equations
with a non-standard energy-momentum tensor (usually with effects mainly noticeable around
the core of the black hole), in most cases in the literature the RBH spacetime is not obtained
from Einstein’s equations. However, it is always possible to consider the existence of an
effective energy-momentum tensor defined through
Tµν = Rµν − 1
2
Rgµν .
If we take the expression obtained for the Ricci tensor (2.6) one can explicit T for a RBH as
Tµν = −λ2(−tµtν + zµzν)− λ1(xµxν + yµyν).
Since T diagonalizes in the orthonormal basis {t,x,y, z}, the RBH spacetime possesses an
(effective) energy-momentum tensor of type I [24]. The (effective) density being µ = λ2 and
the (effective) pressures being px = py = −λ1 and pz = −λ2. The weak energy conditions
[24] require µ ≥ 0 and µ+ pi ≥ 0. In other words, in this case they require
λ2 ≥ 0 and λ2 − λ1 ≥ 0.
Proposition 4 Assume that a regular RBH has a function M(r) that can be approximated
by a Taylor polynomial around r = 0, then the weak energy conditions should be violated
around r = 0.
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In order to see this, first note that regular and admitting a Taylor polynomial means that
we could write M(r) =Mnrn +O(rn+1) with n ≥ 3 (and Mn 6= 0)4
Second, note that the WEC imply that λ2 ≥ 0 which, using (2.5), is equivalent to
M′(r) ≥ 0. This will be satisfied around r = 0 if Mn > 0. On the other hand, using (2.4)
and the condition Mn > 0 we get that λ2 − λ1 ≥ 0 is equivalent, around r = 0, to
2(r2 − a2 cos2 θ) ≥ (r2 + a2 cos2 θ)(n− 1).
This cannot be satisfied around r = 0 for all the possible values of θ. (If n = 3 it suffices to
consider θ 6= π/2 and if n > 3 it suffices to consider θ = π/2). 
5. Conclusions
In this note we have defined a generic type of stationary rotating black hole spacetime (2.1)
which corresponds to the type used in most of the proposals in the literature for a (regular
or not) RBH. The spacetime depends on a rotating parameter a and function M(r), whose
specific form differentiates the different proposals. We have shown that the spacetime for a
RBH is Petrov type D and Segre Type [(1,1) (1 1)]. As a consequence, we have concluded that
there are only 6 real second order invariants algebraically independent for these spacetimes.
Therefore, in order to guarantee that a RBH spacetime does not possess a scalar curvature
singularity none of these invariants has to diverge along any path in the spacetime. We have
seen that the 6 invariants can be collected into two real invariants R and I6 and two complex
invariants I and K. We have shown that the only possible source of singularities is the ring
defined in Boyer-Lindquist-like coordinates by (r = 0, θ = π/2), so that we have only needed
to analyze the behaviour of the invariants as the ring was approached along different paths.
This has led us to a simple necessary and sufficient condition onM(r) and its derivatives in
order to avoid scalar curvature singularities: M(0) =M′(0) =M′′(0) = 0.
The avoidance of singularities in the RBH spacetimes satisfying these conditions sug-
gested that some of the requirements in the standard singularity theorems are violated. In
effect, we have been able to show that, if a regular black hole has a functionM admitting a
Taylor polynomial around r = 0, then the weak energy conditions should be violated in the
core of the black hole.
4According to Taylor’s theorem, the proposition requiresM to be Cn around r = 0 andM(n+1) to exist
on [0, δr] in order to be applicable [25].
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